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Short Communication 1 
A Lagrange-based generalised formulation for the equations of motion of simple walking 2 
models  3 
Michael McGrath1, David Howard2 , Richard Baker1 4 
1 School of Health Sciences, University of Salford 5 
2 School of Computing, Science and Engineering  6 
Introduction 7 
There are numerous examples of researchers using relatively simple dynamic models to 8 
investigate the way in which human beings walk (Baker et al., 2004; Buczek et al., 2006; Kuo, 9 
2007; McGrath et al., 2015b; Millard et al., 2011). Some have further expanded to models of 10 
‘moderate’ complexity (Martin and Schmiedeler, 2014; McGrath et al., 2015a; Pandy and 11 
Berme, 1988a, b). Often these latter models consist of a number of rigid links connected by 12 
frictionless hinge joints, forming a chain. These represent the segments and joints of a 13 
person’s limbs. In order for these models to provide forward dynamic simulations of a 14 
person’s movement, their equations of motion (EOM) must be derived.  15 
 16 
General formulae for the EOM of n-link chains have been previously developed for use in gait 17 
modelling, using a Newtonian approach (Pandy and Berme, 1988a). A great advantage of 18 
these general formulae is the time saved in developing the EOM for models with a large 19 
number of degrees-of-freedom (DOFs), where a manual approach is very time consuming. 20 
This paper describes a similar approach but using Lagrangian mechanics to develop the 21 
formulae instead, which are independent of the chosen coordinate frame. Also, because they 22 
use energy calculations, rather than forces, prior knowledge of the ground reaction force 23 
(GRF) is not required. 24 
 25 
Once these equations are developed, walking simulations can be performed using the same 26 
methods as the complex models, such as using optimisation to estimate internal kinetics and 27 
joint activations (Anderson and Pandy, 2003). This study gives an example of such a 28 
simulation. 29 
 30 
Method 31 
Open-loop chains 32 
The Lagrange equation to derive EOM for an open-loop chain is given (Onyshko and Winter, 33 
1980). 34 
 35 
𝑑
𝑑𝑡
(
𝜕𝐿
𝜕?̇?
𝑖
) −
𝜕𝐿
𝜕𝑞
𝑖
= 0 36 
Equation 1 37 
 38 
Where 𝐿 is the Lagrangian function – the difference between the kinetic and potential energy 39 
– and 𝑞𝑖 is a generalised coordinate for the i
th link of the chain. 40 
 41 
Equation 1 shows the Lagrange equation equal to zero. This is valid when there are no external 42 
forces or moments acting on the system. For the derivations outlined here, moments will be 43 
acting at the joints between links so the Lagrange equation is adapted. 44 
 45 
𝑑
𝑑𝑡
(
𝜕𝐿
𝜕?̇?
𝑖
) −
𝜕𝐿
𝜕𝑞
𝑖
= 𝑄𝑖 46 
Equation 2 47 
Where 𝑄𝑖 are the generalised forces derived from a consideration of virtual work (𝛿𝑤): 48 
 49 
𝛿𝑤 =∑𝑄𝑖𝛿𝑞𝑖
𝑖
 50 
Equation 3 51 
 52 
Two choices for 𝑞𝑖   are joint angle (𝜑𝑖) or link angle (𝜃𝑖) to the vertical. 53 
 54 
𝛿𝑤 =∑−𝑀𝑖𝛿𝜑𝑖
𝑖
=∑𝑀𝑖(𝜃𝑖−1 − 𝜃𝑖)
𝑖
=∑(𝑀𝑖+1 −𝑀𝑖)𝜃𝑖
𝑖
 55 
Equation 4 56 
 57 
Where 𝑀𝑖  is the moment acting at the distal joint of the i
th link of the chain. This means 𝑄𝑖 is 58 
equal to −𝑀𝑖 if joint angles are used or 𝑀𝑖+1 −𝑀𝑖 if the link angles to the vertical are used. 59 
Although selecting the joint angles would decouple the generalised force terms, it makes the 60 
functions for the energy calculations more complex. Consequently, link angles to the vertical 61 
are preferable and are used throughout this paper. 62 
 63 
The following derivation is for an open-loop chain consisting of n rigid links, where the ground 64 
acts as a workless constraint at one end of the chain and the other end is free. Each link has 65 
the characteristics shown in Figure 1. The angular position of the ith link is defined as the link’s 66 
angle to the vertical. Anticlockwise is positive for angles and moments. The total length of the 67 
link is 𝑙𝑖. It has a mass, 𝑚𝑖, acting at a single point, with a moment of inertia, 𝐼𝑖. The position 68 
of the centre-of-mass (CM) of the link is defined by two values, 𝑑𝑖 and 𝑒𝑖, where 𝑑𝑖 is parallel 69 
to the length of the link and 𝑒𝑖  is perpendicular to it. The direction of progression is in the 70 
positive 𝑥 direction and upwards is the positive 𝑦 direction. The acceleration due to gravity is 71 
written as 𝑔. 72 
 73 
Assumptions are made for these generalised formulae to be valid. There is no branching and 74 
each link is connected to adjacent links by frictionless hinge joints. The model is 2D, in the 75 
sagittal plane, and the hinge joints are the only DOFs. For each link, there are two controlled 76 
muscle moments acting on the proximal and distal ends, respectively. 77 
 78 
Firstly, the coordinates of the CMs of each segment are considered: 79 
 80 
𝑥𝑖 =∑(−𝑙ℎ𝑠𝑖𝑛𝜃ℎ)
𝑖−1
ℎ=1
− 𝑑𝑖𝑠𝑖𝑛𝜃𝑖 + 𝑒𝑖𝑐𝑜𝑠𝜃𝑖 81 
𝑦
𝑖
=∑(𝑙ℎ𝑐𝑜𝑠𝜃ℎ)
𝑖−1
ℎ=1
+ 𝑑𝑖𝑐𝑜𝑠𝜃𝑖 + 𝑒𝑖𝑠𝑖𝑛𝜃𝑖 82 
Equations 5, 6 83 
 84 
The linear velocities of these CMs are defined by the first derivatives. 85 
 86 
?̇?𝑖 =∑(−𝑙ℎ𝑐𝑜𝑠𝜃ℎ?̇?ℎ)
𝑖−1
ℎ=1
− 𝑑𝑖𝑐𝑜𝑠𝜃𝑖?̇?𝑖 − 𝑒𝑖𝑠𝑖𝑛𝜃𝑖?̇?𝑖 87 
?̇?
𝑖
=∑(−𝑙ℎ𝑠𝑖𝑛𝜃ℎ?̇?ℎ)
𝑖−1
ℎ=1
− 𝑑𝑖𝑠𝑖𝑛𝜃𝑖?̇?𝑖 + 𝑒𝑖𝑐𝑜𝑠𝜃𝑖?̇?𝑖 88 
Equations 7, 8 89 
 90 
The resultant velocities are calculated for each CM. 91 
 92 
𝑣𝑖
2 = ?̇?𝑖
2
+ ?̇?
𝑖
2  93 
Equation 9 94 
 95 
The kinetic energy, 𝑇, and the potential energy, 𝑉, of the system are calculated. 96 
 97 
𝑇 =
1
2
𝑚𝑣2 +
1
2
𝐼𝜔2 =∑(
1
2
𝑚𝑖𝑣𝑖
2 +
1
2
𝐼𝑖?̇?𝑖
2)
𝑛
𝑖=1
 98 
Equation 10 99 
𝑉 = 𝑚𝑔ℎ =∑(𝑚𝑖 (∑(𝑙ℎ𝑔𝑐𝑜𝑠𝜃ℎ)
𝑖−1
ℎ=1
+ 𝑑𝑖𝑔𝑐𝑜𝑠𝜃𝑖 + 𝑒𝑖𝑔 sin 𝜃𝑖))
𝑛
𝑖=1
 100 
Equation 11 101 
 102 
The Lagrangian function is calculated by subtracting the potential energy from the kinetic. 103 
 104 
𝐿 = 𝑇 − 𝑉 105 
Equation 12 106 
 107 
Partial differentials of 𝐿 with respect to ?̇?𝑖  and 𝜃𝑖  are taken in order to evaluate the terms in 108 
the Lagrangian equation. 109 
 110 
𝑑
𝑑𝑡
(
𝜕𝐿
𝜕?̇?𝑖
) −
𝜕𝐿
𝜕𝜃𝑖
=∑(𝑀𝑖+1 − 𝑀𝑖)𝜃𝑖
𝑖
 111 
Equation 13 112 
 113 
From the calculation of these terms, the EOM can be written in matrix form. 114 
 115 
𝐵. ?̈? = 𝐶  where,  [
𝑏1,1 ⋯ 𝑏1,𝑛
⋮ ⋱ ⋮
𝑏𝑛,1 … 𝑏𝑛,𝑛
] [
?̈?1
⋮
?̈?𝑛
] = [
𝑐1
⋮
𝑐𝑛
] 116 
 117 
Equation 14 118 
 119 
For a given row, 𝑝, and a given column, 𝑞: 120 
 121 
𝑏𝑝,𝑞 =
{
 
 
 
 
 
 
 
 
 
 
 
 
(𝑚𝑝𝑑𝑝
2 + 𝑚𝑝𝑒𝑝
2 + (∑𝑚𝑗+1
𝑛
𝑗=𝑝
) 𝑙𝑝
2 + 𝐼𝑝) 𝑖𝑓 𝑝 = 𝑞
((𝑚𝑝𝑑𝑝 + (∑𝑚𝑗+1
𝑛
𝑗=𝑝
) 𝑙𝑝) 𝑙𝑞 cos(𝜃𝑞 − 𝜃𝑝)) + (𝑚𝑝𝑒𝑝𝑙𝑞 sin(𝜃𝑝 − 𝜃𝑞)) 𝑖𝑓 𝑝 > 𝑞
((𝑚𝑞𝑑𝑞 + (∑𝑚𝑗+1
𝑛
𝑗=𝑞
) 𝑙𝑞) 𝑙𝑝 cos(𝜃𝑝 − 𝜃𝑞)) + (𝑚𝑞𝑒𝑞𝑙𝑝 sin(𝜃𝑞 − 𝜃𝑝)) 𝑖𝑓 𝑞 > 𝑝
 122 
Equation 15 123 
 124 
𝑐𝑝 = ∑
(
 
 
 
 
 
?̇?ℎ
2
(
 
 
 
 
 
(
 
 
 
 
{
  
 
  
 
(𝑚𝑝𝑑𝑝 +∑(𝑚𝑗+1)
𝑛
𝑗=𝑝
𝑙𝑝) 𝑙ℎ sin(𝜃ℎ − 𝜃𝑝) 𝑖𝑓 ℎ < 𝑝
−(𝑚ℎ𝑑ℎ +∑(𝑚𝑗+1)
𝑛
𝑗=ℎ
𝑙ℎ) 𝑙𝑝 sin(𝜃𝑝 − 𝜃ℎ) 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
)
 
 
 
 {𝑛|𝑝 ≠ ℎ}
ℎ=1
125 
+ ({
(𝑚𝑝𝑒𝑝𝑙ℎ) cos(𝜃𝑝 − 𝜃ℎ) 𝑖𝑓 ℎ < 𝑝
−(𝑚ℎ𝑒ℎ𝑙𝑝) cos(𝜃ℎ − 𝜃𝑝) 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
)
)
 
 
 
 
 
)
 
 
 
 
 
 126 
+(𝑚𝑝𝑑𝑝 + (∑𝑚𝑗+1
𝑛
𝑗=𝑝
) 𝑙𝑝)𝑔𝑠𝑖𝑛𝜃𝑝 −𝑚𝑝𝑒𝑝𝑔 cos 𝜃𝑝 +𝑀𝑝+1 −𝑀𝑝 127 
Equation 16 128 
 129 
The sigma notation ∑
{𝑛|𝑝 ≠ ℎ}
ℎ=1 means ℎ covers all of the values from 1 to 𝑛, but is never 130 
the same as 𝑝.  131 
 132 
This method does, however, rely on an estimation of joint moments. Later in this study, an 133 
optimisation algorithm is described, which uses measured kinematics and estimates these 134 
moments. This means that Matrix 𝐵 can then be inverted and used to produce the vector ?̈?, 135 
which gives the angular acceleration for each link of the chain. 136 
 137 
Closed-loop chains 138 
Equation 14 is only applicable for open-loop chains, i.e. single support walking models. In 139 
order to create double support models, closed-loop chains are required. An advantage of 140 
Lagrange mechanics is that constraints can be applied relatively simply using ‘Lagrange 141 
multipliers’.  142 
 143 
In order to apply a constraint, the jth constraint function (𝑓𝑗  ) is defined such that: 144 
 145 
𝑓
𝑗
= 0 146 
Equation 17 147 
 148 
The governing Lagrange equation is modified to include the Lagrange multipliers: 149 
 150 
𝑑
𝑑𝑡
(
𝜕𝐿
𝜕?̇?
𝑖
) −
𝜕𝐿
𝜕𝑞
𝑖
−∑(𝜆𝑗
𝜕𝑓
𝑗
𝜕𝑞
𝑖
)
𝑗
= 𝑄
𝑖
 151 
Equation 18 152 
 153 
Where 𝜆𝑗 is the Lagrange multiplier for the j
th constraint. For a number of constraint 154 
equations, r, the same number of new unknown variables need to be solved. This is done by 155 
incorporating the constraint equations into the matrix formulation of the EOM, thus solving 156 
for ?̈?𝑖 and 𝜆𝑗 simultaneously. If the constraint equations are purely positional (only contain 𝑞𝑖 157 
terms), they need to be differentiated twice so that they contain ?̈?𝑖 terms. This new equation 158 
then needs to be separated into two functions; one that contains only the ?̈?𝑖 terms, 𝑔𝑗, and 159 
one that contains the rest of the terms ℎ𝑗  (Equation 19). These terms can now be incorporated 160 
into the matrix formulation (Equation 20). 161 
 162 
𝑑2𝑓
𝑗
𝑑𝑡2
(?̈?
𝑖
, ?̇?
𝑖
, 𝑞
𝑖
, 𝑡) = 𝑔𝑗(?̈?𝑖, 𝑡) + ℎ𝑗(?̇?𝑖, 𝑞𝑖, 𝑡) = 0 163 
Equation 19 164 
[
 
 
 
 𝑏𝑖,𝑖 −
𝜕𝑓
𝑗
𝜕𝑞
𝑖
𝑔𝑗(?̈?𝑖, 𝑡)
?̈?
𝑖
0
]
 
 
 
 
[
?̈?
𝑖
𝜆𝑗
] = [
𝑐𝑖
−ℎ𝑗(?̇?𝑖, 𝑞𝑖, 𝑡)
] 165 
Equation 20 166 
 167 
It’s important to note that the ?̈?𝑖 terms are no longer all independent. For a chain with n DOFs 168 
and r constraint equations, only n-r are independent. If the initial conditions satisfy the 169 
constraints, then computing ?̈?𝑖 and integrating to solve for all DOFs should produce solutions 170 
which are consistent with the constraint equations. These can be validated using the 171 
constraint equations (Ülker, 2010). If ?̈?𝑖 is known for the first n-r links in the chain, the 172 
constraint equations can be used to compute ?̈?𝑖  for the final r links. A worked example is 173 
given in the appendix. 174 
 175 
Ground reaction force calculations 176 
Inverse dynamics can be used to calculate the total GRF acting on a walking model. For open-177 
loop chains, this is the GRF where the chain is in contact with the ground (the single 178 
supporting foot). For closed-loop chains, a method is required to determine how the total 179 
GRF is distributed between the two ground contact points, which is an indeterminate 180 
problem. The following derivation is for the vertical and horizontal components of the total 181 
GRF. 182 
 183 
By considering the vertical direction first, Newton’s second law of motion is used: 184 
 185 
𝐺𝑅𝐹𝑦 − 𝑚𝑔 =∑𝑚𝑖?̈?𝑖
𝑛
𝑖=1
 186 
Equation 21 187 
 188 
Differentiating Equation 8: 189 
?̈?
𝑖
=∑ 𝑙ℎ(−?̈?ℎsin𝜃ℎ − ?̇?ℎ
2
cos 𝜃ℎ)
𝑖−1
ℎ=1
+ 𝑑𝑖(−?̈?𝑖sin𝜃𝑖 − ?̇?𝑖
2
cos 𝜃𝑖) + 𝑒𝑖(?̈?𝑖 cos 𝜃𝑖 − ?̇?𝑖
2
sin 𝜃𝑖) 190 
Equation 22 191 
 192 
Similarly, for the horizontal direction: 193 
 194 
𝐺𝑅𝐹𝑥 = 𝑚𝑎 =∑𝑚𝑖?̈?𝑖
𝑛
𝑖=1
 195 
Equation 23 196 
 197 
Differentiating Equation 7: 198 
 199 
?̈?𝑖 =∑𝑙ℎ (−?̈?ℎ cos 𝜃ℎ + ?̇?ℎ
2
sin 𝜃ℎ)
𝑖−1
ℎ=1
+ 𝑑𝑖 (−?̈?𝑖 cos 𝜃𝑖 + ?̇?𝑖
2
sin 𝜃𝑖) + 𝑒𝑖 (−?̈?𝑖sin𝜃𝑖 − ?̇?𝑖
2
cos 𝜃𝑖) 200 
Equation 24 201 
 202 
During double support, although the total GRF can be calculated, there is an infinite number 203 
of ways this can be distributed between the two feet. Ren et al. (Ren et al., 2007), solved this 204 
problem by making a smooth transition assumption. The Lagrange multipliers method used 205 
here offers an alternative approach because the multipliers can be used to calculate the force 206 
required to maintain a given constraint. In the case of this study, the forces required to hold 207 
the trailing foot fixed to the ground can be used to calculate the GRF under that foot. By using 208 
inverse dynamics, in the same way as before, to calculate the total GRF, a simple subtraction 209 
can be used to obtain the GRF under the leading foot.  210 
 211 
Since the constraint forces are acting upon the trailing foot and it is stationary, it can be 212 
assumed that the GRF components beneath it are equal to these constraint forces. The forces 213 
the constraints produce can be expressed: 214 
 215 
𝐹𝑞𝑖
= 𝜆
𝜕𝑓
𝜕𝑞
𝑖
 216 
Equation 25 217 
 218 
In order to calculate the constraint forces in the 𝑥 and 𝑦 directions, the following equations 219 
are used: 220 
 221 
𝐹𝑥 = 𝜆𝑓1
∑(
𝜕𝑓
1
𝜕𝜃𝑖
𝜕𝜃𝑖
𝜕𝑥
)
𝑛
𝑖=1
= 𝜆𝑓1
∑(−𝑙𝑖 cos 𝜃𝑖 .
1
−𝑙𝑖 cos 𝜃𝑖
)
𝑛
𝑖=1
= 𝜆𝑓1
 222 
Equation 26 223 
𝐹𝑦 = 𝜆𝑓2
∑(
𝜕𝑓
2
𝜕𝜃𝑖
𝜕𝜃𝑖
𝜕𝑦
)
𝑛
𝑖=1
= 𝜆𝑓2
∑(−𝑙𝑖 sin 𝜃𝑖 .
1
−𝑙𝑖 sin 𝜃𝑖
)
𝑛
𝑖=1
= 𝜆𝑓2
 224 
Equation 27 225 
 226 
These values relate to the GRF components at the trailing foot. Subtracting these from their 227 
respective total GRF components give the GRF components beneath the leading foot. 228 
 229 
Example simulation 230 
Gait laboratory data was collected for a single, healthy, female participant (28 years old, 65kg, 231 
162cm). Ethical approval for the study was granted by the Institutional Ethics Panel (ref 232 
HSCR13/18). A Vicon 3D motion capture system (Oxford Metrics plc., Oxford, UK) and Kistler 233 
force plates (Kistler Group, Winterthur, Switzerland) were used to capture kinematic and 234 
kinetic data, respectively. 235 
 236 
The derived generalised formulae were used to generate a seven degree-of-freedom model 237 
(previously described by McGrath et al. (2015a)). For the simulation model, the participants 238 
anthropometric data were used and segment masses were estimated using Winter’s formulae 239 
(1979, 1991).  240 
The simulation was split into two: a single support (open chain) and a double support (closed 241 
chain). For both double and single support simulations, a global optimisation was performed 242 
using the MATLAB function ‘GlobalSearch’ (Ugray et al., 2007). The input parameters were 243 
the initial kinematic state (segment angular positions and velocities) and the joint moments 244 
over the whole simulation. The initial kinematic state was known from the gait lab 245 
measurements but since the temporal profiles of the joint moments were unknown, the initial 246 
estimate was taken from Winter’s data (1979, 1991).  The cost function was the root mean 247 
square difference of the predicted kinematics, to those measured in the gait lab. 248 
Consequently, the optimiser was designed to ‘track’ the motion. 249 
 250 
The results of this simulation are illustrated in Figure 2. 251 
 252 
Discussion 253 
A general formulation for the EOM of an open-link chain has been derived and presented 254 
here, with the application of modelling bipedal walking. Using Lagrangian mechanics to derive 255 
these formulae has been shown to be independent of coordinate frames and requires less 256 
prior kinetic knowledge than alternative approaches, such as Newton-Euler mechanics. In 257 
terms of walking, this means that the GRF does not need to be known or estimated in order 258 
to perform forward dynamics calculations. 259 
 260 
However, joint moments do need to be estimated. This can be executed using an optimisation 261 
procedure, a similar method to how Anderson and Pandy (2003) estimated muscle activations 262 
in a more complex model with a higher number of degrees-of-freedom. The advantage of the 263 
model described here is that a solution can be achieved within a matter of hours, rather than 264 
days, which is particularly important when a forward dynamics simulation is used within an 265 
iterative optimisation procedure. Additionally, with simpler models, it can be easier to 266 
identify cause-and-effect relationships, to gain a better understanding of the relationships 267 
between form and function in gait biomechanics. With more complex models, this process 268 
becomes much more challenging because the internal model calculations are less amenable 269 
to inspection. 270 
 271 
Another advantage of Lagrangian mechanics is that Lagrange multipliers can be incorporated 272 
into the calculations to apply constraints. This enables the modelling of a closed-loop chain, 273 
which, in terms of walking, equates to the double support phase. Additionally, it has been 274 
shown that these multipliers can be used to estimate the distribution of the GRF when both 275 
feet are contacting the floor; something that was previously an indeterminate problem. 276 
 277 
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